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Abstract
In this paper, we first present the Casorati and Grammian determinant solutions to the (2+1)-dimensional
Gardner equation. Then, by using the pfaffianization procedure of Hirota and Ohta, a new integrable coupled
system is generated from the Gardner equation. Moreover, Gramm-type pfaffian solutions to the pfaffianized
system are proposed.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
In 1991, Hirota and Ohta presented a coupled KP (cKP) system [1] using a procedure of what
is now called pfaffianization. The procedure has been successfully applied to several important
equations [2–5]. Besides, the pfaffianized KP hierarchies have been investigated in [6]. The key
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tion in the form of Wronskian, Casorati or Grammian type determinants, then (b) construct a
pfaffian with elements satisfying the pfaffianized form of the dispersion relation given in the
determinant solutions, and finally, (c) seek coupled bilinear equations whose solutions are these
pfaffians.
The (1 + 1)-dimensional Gardner equation [7,8]
υt − 6
(
υ + 2υ2)υx + υxxx = 0
is a mixed version of the famous KdV and modified KdV equation, where  is an arbitrary
parameter. The (1+1)-dimensional Gardner equation has important physical characteristics. The
progressive waves, conservation laws, Backlund transformation, N -soliton solution by inverse
method, completely integrable Hamiltonian system have been studied [9–11]. For the (2 + 1)-
dimensional Gardner equation, its decomposition, quasi-periodic solutions, and many classes of
exact solutions have been presented [12–14]. In this paper, we further study determinant solutions
and pfaffianization of the (2 + 1)-dimensional Gardner equation.
This paper is organized as follows. In Section 2, we introduce some properties of pfaffians.
In Section 3, we give the Casorati and Grammian solutions to the (2 + 1)-dimensional Gardner
equation. In Section 4, we apply the pfaffianization procedure to the Gardner equation. As a re-
sult, a coupled system is derived with the help of the quadratic pfaffian identities. The Gram-type
pfaffian solutions to the coupled system are proposed in Section 5.
2. Properties of pfaffian
For the sake of self-sufficiency, let us review some necessary properties of pfaffian [16]. Pfaf-
fians are antisymmetric functions with respect to its independent variables:
pf(a, b) = −pf(b, a), for any a and b.
A 2nth degree pfaffian is defined by the expansion rule
pf(1,2, . . . ,2n) =
2n∑
j=2
(−1)j pf(1, j) pf(2,3, . . . , jˆ , . . . ,2n),
where jˆ denotes the absence of the letter j . For example, if n = 2, we have
pf(1,2,3,4) = pf(1,2)pf(3,4) − pf(1,3)pf(2,4) + pf(1,4)pf(2,3).
Pfaffian is closely related to determinants. A determinant of nth degree, B ≡ det |b(j, k)|1j,kn,
can be expressed by means of a pfaffian of 2nth degree (1,2, . . . , n, n∗, . . . ,2∗,1∗) as fol-
lows [15]:
det
∣∣b(j, k)∣∣1j,kn = pf(1,2, . . . , n, n∗, . . . ,2∗,1∗),
whose entries are defined by
pf(j, k) = 0, pf(j∗, k∗) = 0, pf(j, k∗) = b(j, k).
There exist various kinds of pfaffian identities. The following two pfaffian identities play an
important role in the procedure of pfaffianization [15]:
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− pf(a1, a2, . . . , aN−2, α,β)pf(a1, a2, . . . , aN−2, γ, δ)
+ pf(a1, a2, . . . , aN−2, α, γ )pf(a1, a2, . . . , aN−2, β, δ)
− pf(a1, a2, . . . , aN−2, α, δ)pf(a1, a2, . . . , aN−2, β, γ ) = 0, (1)
and
pf(a1, a2, . . . , aN−1, α,β, γ )pf(a1, a2, . . . , aN−1, δ)
− pf(a1, a2, . . . , aN−1, α,β, δ)pf(a1, a2, . . . , aN−1, γ )
+ pf(a1, a2, . . . , aN−1, α, γ, δ)pf(a1, a2, . . . , aN−1, β)
− pf(a1, a2, . . . , aN−1, β, γ, δ)pf(a1, a2, . . . , aN−1, α) = 0. (2)
For convenience, in the following discussion we would simplify the notation pf(· · ·) as (· · ·)
without confusion.
3. Determinant solutions to the (2+ 1)-dimensional Gardner equation
The (2 + 1)-dimensional Gardner equation under consideration is
−4ωt + ωxxx − 6ω2ωx + 6ωx∂−1x ωy − 6μωωx + 3∂−1x ωyy = 0, (3)
where μ is a constant. Through the variable transformation φ = ∂−1x ω, Eq. (3) can be converted
into
−4φtx + φxxxx − 6μφxφxx − 6φ2xφxx + 6φxxφy + 3φyy = 0. (4)
We take φ = ln(f/g). Then Eq. (4) can be transformed into the bilinear form(
Dy − D2x − μDx
)
f · g = 0, (5)(−4Dt + D3x + 3DxDy + 3μDy)f · g = 0, (6)
where the bilinear operators Dmy and Dkt are defined by [15]
Dmy D
k
t a · b ≡
(
∂
∂y
− ∂
∂y′
)m(
∂
∂t
− ∂
∂t ′
)k
a(y, t)b(y′, t ′)
∣∣∣∣
y′=y, t ′=t
.
3.1. Casorati solution to the bilinear equations (5)–(6)
In this section we give some expressions of f and g and confirm that they satisfy the bilinear
equations (5)–(6). We take μ = −1 in the following derivations for convenience, without having
the theoretical ideas behind this paper being affected. Define
τ
(n)
N =
∣∣∣∣∣∣∣∣∣
ρ
(n)
1 ρ
(n+1)
1 · · · ρ(n+N−1)1
ρ
(n)
2 ρ
(n+1)
2 · · · ρ(n+N−1)2
...
...
. . .
...
ρ
(n)
N ρ
(n+1)
N · · · ρ(n+N−1)N
∣∣∣∣∣∣∣∣∣
, (7)
where ρ(j)i is defined by ρ
(j)
i = ∂
j ρi
∂xj
(j = n, . . . , n+N − 1; i = 1, . . . ,N). We also can express
the above Casorati determinant τ (n) through a pfaffian [15]N
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(n)
N = (d0, d1, . . . , dN−1,N, . . . ,2,1),
where each element of the pfaffian is given by:
(dm, j) = ∂
m+n
∂xm+n
ρj = ρ(m+n)j , (8)
(dm, dk) = 0, (i, j) = 0 (i, j = 1,2, . . . ,N; m,k = 0,1, . . . ,N − 1). (9)
Remark. Suffix N = 1,2, . . . in τ (n)N represents the size of the determinant, i.e., the number of
solitons, and n = . . . ,−1,0,1,2, . . . is a parameter introduced to arrange many kinds of τN ’s.
Each ρj satisfies the dispersion relation
∂
∂y
ρj =
(
∂2
∂x2
− ∂
∂x
)
ρj , (10)
∂
∂t
ρj =
(
∂3
∂x3
− 3
2
∂2
∂x2
+ 3
4
∂
∂x
)
ρj . (11)
For simplicity, we take the following notation for τ (n)N :
τ
(n)
N = |n,n + 1, . . . , n + N − 1|. (12)
By means of the expression τ (n)N , we study the two following kinds of expressions:
(i) g = τ (0)N , f = τ (1)N ,
(ii) g = τ (0)N , f = τ (0)N+1. (13)
(i) In this case, N , which stands for the number of functions ρj contained in f , and g, does
not change. However, the phase, which shows the position of a soliton, changes.
Using the dispersion relation (10) and (11), we obtain the formulae
g = |0,1, . . . ,N − 1|,
gx = |0,1, . . . ,N − 2,N |,
gxx = |0,1, . . . ,N − 2,N + 1| + |0,1, . . . ,N − 3,N − 1,N |,
gxxx = |0,1, . . . ,N − 2,N + 2| + |0,1, . . . ,N − 4,N − 2,N − 1,N |
+ 2|0,1, . . . ,N − 3,N − 1,N + 1|,
gy = |0,1, . . . ,N − 2,N + 1| − |0,1, . . . ,N − 3,N − 1,N | − |0,1, . . . ,N − 2,N |,
gyx = |0,1, . . . ,N − 2,N + 2| − |0,1, . . . ,N − 4,N − 2,N − 1,N |
− |0,1, . . . ,N − 2,N + 1| − |0,1, . . . ,N − 3,N − 1,N |,
gt = |0,1, . . . ,N − 2,N + 2| − |0,1, . . . ,N − 3,N − 1,N + 1|
+ |0,1, . . . ,N − 4,N − 2,N − 1,N | − 3
2
|0,1, . . . ,N − 2,N + 1|
+ 3 |0,1, . . . ,N − 3,N − 1,N | + 3 |0,1, . . . ,N − 2,N |. (14)
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with N + 1. Substitution of the above expressions into Eqs. (5) and (6) leads to the following
Plücker relations, respectively,
2|1, . . . ,N − 2,N,N + 1| × |0,1, . . . ,N − 1|
− 2|1, . . . ,N | × |0,1, . . . ,N − 2,N + 1|
+ 2|1, . . . ,N − 1,N + 1| × |0,1, . . . ,N − 2,N | = 0, (15)
6|1, . . . ,N − 1,N + 1| × |0, . . . ,N − 3,N − 1,N |
− 6|1, . . . ,N − 3,N − 1,N,N + 1| × |0, . . . ,N − 1|
− 6|0, . . . ,N − 3,N − 1,N + 1| × |1, . . . ,N |
+ 6|0, . . . ,N − 2,N + 2| × |1, . . . ,N |
+ 6|1, . . . ,N − 2,N,N + 2| × |0, . . . ,N − 1|
− 6|1, . . . ,N − 1,N + 2| × |0, . . . ,N − 2,N |
+ 6|1, . . . ,N − 1,N + 1| × |0, . . . ,N − 2,N |
− 6|1, . . . ,N − 2,N,N + 1| × |0, . . . ,N − 1|
− 6|0, . . . ,N − 2,N + 1| × |1, . . . ,N | = 0. (16)
Therefore we have confirmed that τ (0)N (= g) and τ (1)N (= f ) satisfy Eqs. (5) and (6).
(ii) In this case, the number of functions contained in f is larger than that contained in g.
Since the differential rules for f ,
f = τ (0)N+1 = (d0, d1, . . . , dN−1, dN ,N + 1,N, . . . ,2,1), (17)
are obtained by replacing N by N + 1 in the rules for g = τ (0)N , here we only list differential
formulae for g = τ (0)N expressed by pfaffians:
g = (d0, d1, . . . , dN−1,N, . . . ,2,1),
gx = (d0, d1, . . . , dN−2, dN ,N, . . . ,2,1),
gxx = (d0, d1, dN−2, dN+1,N, . . . ,1,0) + (d0, d1, . . . , dN−3, dN−1, dN ,N, . . . ,2,1),
gxxx = (d0, d1, . . . , dN−2, dN+2,N, . . . ,2,1)
+ (d0, d1, . . . , dN−4, dN−2, dN−1, dN ,N, . . . ,2,1)
+ 2(d0, d1, . . . , dN−3, dN−1, dN+1,N, . . . ,2,1),
gy = (d0, d1, . . . , dN−2, dN+1,N, . . . ,2,1) − (d0, d1, . . . , dN−3, dN−1, dN ,N, . . . ,2,1)
− (d0, d1, . . . , dN−2, dN ,N, . . . ,2,1),
gyx = (d0, d1, dN−2, dN+2N, . . . ,2,1) − (d0, d1, . . . , dN−4, dN−2, dN−1, dN ,N, . . . ,2,1)
− (d0, d1, . . . , dN−2, dN+1,N, . . . ,2,1)
− (d0, d1, . . . , dN−3, dN−1, dN ,N, . . . ,2,1),
gt = (d0, d1, . . . , dN−2, dN+2,N, . . . ,2,1) − (d0, d1, . . . , dN−3, dN−1, dN+1,N, . . . ,2,1)
+ (d0, d1, . . . , dN−4, dN−2, dN−1, dN ,N, . . . ,2,1)
− 3 (d0, d1, . . . , dN−2, dN+1,N, . . . ,2,1)2
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2
(d0, d1, . . . , dN−3, dN−1, dN ,N, . . . ,2,1)
+ 3
4
(d0, d1, . . . , dN−2, dN ,N, . . . ,2,1).
By substituting the above results into Eqs. (5) and (6) respectively, and using the pfaffian
identity (2), we obtain
2
{−(dN , dN+1,N + 1,N, . . . ,1)(dN−1,N, . . . ,1)
− (dN−1, dN ,N + 1,N, . . . ,1)(dN+1,N, . . . ,1)
+ (dN−1, dN+1,N + 1,N, . . . ,1)(dN ,N, . . . ,1)
}
= −2(dN−1, dN , dN+1,N, . . . ,1)(N + 1,N, . . . ,1) = 0,
6
{
(d0, d1, . . . , dN−1, dN+1,N + 1,N, . . . ,1)(d0, . . . , dN−2, dN ,N, . . . ,1)
− (d0, . . . , dN−2, dN+1,N, . . . ,1)(d0, . . . , dN−1, dN ,N + 1,N, . . . ,1)
− (d0, . . . , dN−2, dN , dN+1,N + 1,N, . . . ,1)(d0, . . . , dN−1,N, . . . ,1)
}
+ 6{(d0, . . . , dN−2, dN , dN+2,N + 1,N, . . . ,1)(d0, . . . , dN−1,N, . . . ,1)
+ (d0, . . . , dN−2, dN+2,N, . . . ,1)(d0, . . . , dN−1, dN ,N + 1,N, . . . ,1)
− (d0, . . . , dN−2, dN−1, dN+2,N + 1,N, . . . ,1)(d0, . . . , dN−2, dN ,N, . . . ,1)
}
+ 6{−(d0, . . . , dN−3, dN−1, dN , dN+1,N + 1,N, . . . ,1)
× (d0, . . . , dN−3, dN−2, dN−1,N, . . . ,1)
− (d0, . . . , dN−3, dN−1, dN+1,N, . . . ,1)
× (d0, . . . , dN−3, dN−2, dN−1, dN ,N + 1,N, . . . ,1)
+ (d0, . . . , dN−3, dN−1, dN ,N, . . . ,1)
× (d0, . . . , dN−3, dN−2, dN−1, dN+1,N + 1,N, . . . ,1)
}= 0. (18)
Therefore we have proved that τ (0)N , τ
(0)
N+1 satisfy Eqs. (5) and (6).
3.2. Grammian solution to the bilinear equations (5)–(6)
Besides the Wronskian determinant solution, Eqs. (5)–(6) possess a solution τ (n)N expressed
in the Gramm determinant
τ
(n)
N = det
∣∣∣∣cij + (−1)n
x∫
f
(n)
i g
(−n)
j dx
∣∣∣∣
1i,jN
, (19)
where fi , gj satisfy the differential equations
∂
∂y
fi =
(
∂2
∂x2
− ∂
∂x
)
fi, (20)
∂
∂t
fi =
(
∂3
∂x3
− 3
2
∂2
∂x2
+ 3
4
∂
∂x
)
fi, (21)
∂
gj =
(
− ∂
2
2 −
∂
)
gj , (22)∂y ∂x ∂x
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∂t
gj =
(
∂3
∂x3
+ 3
2
∂2
∂x2
+ 3
4
∂
∂x
)
gj . (23)
By means of these expressions, f and g are written as (i)
g = τ (0)N , f = τ (1)N . (24)
It is known that any determinant can be expressed by a pfaffian. We rewrite τ (0)N as
g = τ (0)N = (1,2, . . . ,N,N∗, . . . ,2∗,1∗), (25)
(i, j∗) = cij +
x∫
figj dx, (i, j) = (i∗, j∗) = 0, cij = const,
f = τ (1)N = g −
(
d−1, d∗0 ,1,2, . . . ,N,N∗, . . . ,2∗,1∗
)
. (26)
In order to prove that τ (0)N and τ
(1)
N satisfy Eqs. (5) and (6), we introduce pfaffians defined by(
d∗m, i
)= f (m)i , (dm, j∗) = g(m)j , (27)(
d∗m, j∗
)= (dm, i) = (dn, d∗m)= (dn, dm) = (d∗n, d∗m)= 0. (28)
By virtue of the above pfaffians and Eqs. (20)–(23), we have the following differential formulae
for f and g:
g = (1,2, . . . ,N,N∗, . . . ,2∗,1∗) ≡ (•),
gx =
(
d0, d
∗
0 ,•
)
,
gxx =
(
d0, d
∗
1 ,•
)+ (d1, d∗0 ,•),
gxxx =
(
d0, d
∗
2 ,•
)+ (d2, d∗0 ,•)+ 2(d1, d∗1 ,•),
gy =
(
d0, d
∗
1 ,•
)− (d1, d∗0 ,•)− (d0, d∗0 ,•),
gyx =
(
d0, d
∗
2 ,•
)− (d2, d∗0 ,•)− (d1, d∗0 ,•)− (d0, d∗1 ,•),
gt =
(
d0, d
∗
2 ,•
)+ (d2, d∗0 ,•)− (d1, d∗1 ,•)− 32
(
d0, d
∗
1 ,•
)+ 3
2
(
d1, d
∗
0 ,•
)+ 3
4
(
d0, d
∗
0 ,•
)
,
f = g − (d−1, d∗0 ,•), fx = −(d−1, d∗1 ,•),
fxxx = −
(
d1, d
∗
1 ,•
)− 2(d0, d∗2 ,•)− (d1, d∗3 ,•)− 2(d1, d∗2 , d0, d∗0 •)− (d1, d∗1 , d1, d∗0 •),
fy =
(
d0, d
∗
1 ,•
)− (d−1, d∗2 ,•)+ (d−1, d∗1 ,•)+ (d−1, d∗1 , d0, d∗0 ,•),
fyx =
(
d1, d
∗
1 ,•
)− (d−1, d∗3 ,•)+ (d−1, d∗1 , d0, d∗0 ,•)+ (d−1, d∗2 ,•)
+ (d−1, d∗1 , d1, d∗0 ,•)+ (d1, d∗1 ,•),
ft =
(
d0, d
∗
2 ,•
)+ (d2, d∗0 ,•)− (d1, d∗1 ,•)− 32
(
d0, d
∗
1 ,•
)+ 3
2
(
d1, d
∗
0 ,•
)+ 3
4
(
d0, d
∗
0 ,•
)
− (d−1, d∗3 ,•)+ 32
(
d−1, d∗2 ,•
)− 3
4
(
d−1, d∗1 ,•
)− (d2, d∗0 ,•)− 32
(
d1, d
∗
0 ,•
)
− 3
4
(
d0, d
∗
0 ,•
)− (d−1, d∗0 , d0, d∗2 ,•)+ (d−1, d∗0 , d1, d∗1 ,•)+ 32
(
d−1, d∗0 , d0, d∗1 ,•
)
.
(29)
We substitute the above pfaffians into Eqs. (5) and (6). After some calculations, we obtain the
following two pfaffian identities:
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{(
d−1, d∗1 , d0, d∗0 ,•
)
(•) + (d0, d∗1 ,•)n(d−1, d∗0 ,•)− (d0, d∗0 ,•)(d−1, d∗1 ,•)}= 0, (30)
6
{−(d−1, d∗0 , d1, d∗1 ,•)(•) − (d−1, d∗0 , d0, d∗1 ,•)(•) + (d−1, d∗0 , d0, d∗2 ,•)(•)
− (d−1, d∗0 ,•)(d0, d∗2 ,•)+ (d−1, d∗0 ,•)(d1, d∗1 ,•)+ (d−1, d∗0 ,•)(d0, d∗1 ,•)
− (d1, d∗0 ,•)(d−1, d∗1 ,•)+ (d−1, d∗2 ,•)(d0, d∗0 ,•)− (d0, d∗0 ,•)(d−1, d∗1 ,•)}= 0.
(31)
Thus we have proved that f and g given by Eq. (24) is the Grammian solution to Eqs. (5) and (6).
4. The coupled system of the bilinear Gardner equation (5)–(6)
In this section, we will first apply the pfaffianization procedure to the system (5)–(6). Then
we will present the Gramm-type pfaffian solution to its pfaffianized system.
4.1. Pfaffianization of the bilinear Gardner equation (5)–(6)
Since a determinant is a special case of a pfaffian, there is a possibility that we obtain new
soliton equations, including the original Gardner equation as a special case, by extending the τ
function in a determinant expression into a pfaffian expression. As mentioned in Section 1, in
order to pfaffianize the lattice (5)–(6), we require a pfaffian with elements satisfying the pfaffi-
anized form of the dispersion relation (10)–(11). Hence the entries in our pfaffian are chosen to
satisfy
∂
∂x
(i, j) = (i + 1, j) + (i, j + 1),
∂
∂y
(i, j) = (i + 2, j) + (i, j + 2) − (i + 1, j) − (i, j + 1),
∂
∂t
(i, j)= (i + 3, j) + (i, j + 3) − 3
2
(
(i + 2, j) + (i, j + 2))+ 3
4
(
(i + 1, j) + (i, j + 1)).
(32)
One kind of Casorati determinant solution to Eqs. (5)–(6) is g = τ (0)N , f = τ (1)N , which suggests
us to set
fn = (0,1, . . . ,2N − 1), fn+1 = (1,2, . . . ,2N).
Then we can calculate the differential formulae for fn and fn+1. Because of the similarities in
these formulae, we only list the ones for fn:
∂
∂x
fn = (0,1, . . . ,2N − 2,2N),
∂2
∂x2
fn = (0,1, . . . ,2N − 2,2N + 1) + (0,1, . . . ,2N − 3,2N − 1,2N),
∂3
∂x3
fn = (0,1, . . . ,2N − 2,2N + 2) + (0,1, . . . ,2N − 4,2N − 2,2N − 1,2N)
+ 2(0,1, . . . ,2N − 3,2N − 1,2N + 1),
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∂y
fn = (0,1, . . . ,2N − 2,2N + 1) − (0,1, . . . ,2N − 3,2N − 1,2N)
− (0,1, . . . ,2N − 2,2N),
∂2
∂x∂y
fn = (0,1, . . . ,2N − 2,2N + 2) − (0,1, . . . ,2N − 4,2N − 2,2N − 1,2N)
− (0,1, . . . ,2N − 2,2N + 1) − (0,1, . . . ,2N − 3,2N − 1,2N),
∂
∂t
fn = (0,1, . . . ,2N − 2,2N + 2) − (0,1, . . . ,2N − 3,2N − 1,2N + 1)
+ (0,1, . . . ,2N − 4,2N − 2,2N − 1,2N) − 3
2
(0,1, . . . ,2N − 2,2N + 1)
+ 3
2
(0,1, . . . ,2N − 3,2N − 1,2N) + 3
4
(0,1, . . . ,2N − 2,2N). (33)
Substituting these formulae into Eq. (5) leads to(
Dx + Dy + D2x
)
fn · fn+1
= fn+1
(
∂2x + ∂y + ∂x
)
fn + fn
(
∂2x − ∂y − ∂x
)
fn+1 − {∂xfn}{∂xfn+1}
= 2[(1,2, . . . ,2N)(0,1, . . . ,2N − 2,2N + 1)
+ (1, . . . ,2N − 2,2N,2N + 1)(0,1, . . . ,2N − 2,2N − 1)
− (0,1, . . . ,2N − 2,2N)(1, . . . ,2N − 1,2N + 1)]. (34)
Using the algebraic identity of pfaffians [15], we have(
Dx + Dy + D2x
)
fn · fn+1 = 2(1, . . . ,2N − 2)(0,1, . . . ,2N − 2,2N − 1,2N,2N + 1).
(35)
Choosing gn = (0,1, . . . ,2N − 3) and hn = (0,1, . . . ,2N,2N + 1), we obtain the equation(
Dx + Dy + D2x
)
fn · fn+1 − 2gn+1hn = 0. (36)
Applying a similar procedure to (6), we obtain(
4Dt − D3x + 3DxDy + 3Dy
)
fn · fn+1 − 6Dxhn · gn+1 + 6hngn+1 = 0. (37)
With the assistance of another quadratic identity of pfaffians (2), we deduce the following
relations involving fn, gn,hn, fn+1, gn+1, hn+1:(
Dy + Dx − D2x
)
fn · gn+1 + 2gnfn+1 = 0, (38)(
Dy + Dx − D2x
)
hn · fn+1 + 2fnhn+1 = 0, (39)(
D3x − 4Dt + 3DxDy − 3Dy
)
fn · gn+1 + 6Dxgn · fn+1 + 6gnfn+1 = 0, (40)(
D3x − 4Dt + 3DxDy − 3Dy
)
hn · fn+1 + 6Dxfn · hn+1 + 6fnhn+1 = 0. (41)
The derivations of these relations are omitted as they are similar to that of (36). Equations (36),
(37) and (38)–(41) constitute the pfaffianized form of the bilinear Gardner equation. If we wish
to consider solutions for the pfaffianized system, we may choose the entries in the pfaffian to be
expressed in the form
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M∑
k=1
[
Φˆ
(i)
k Ψˆ
(j)
k − Φˆ(j)k Ψˆ (i)k
]
, (42)
where M is an arbitrary natural number and Φˆ(i)k and Ψˆ
(i)
k stand for i-times differentials with
to x. Φˆk and Ψˆk satisfy
∂
∂y
Φˆk =
(
∂2
∂x2
− ∂
∂x
)
Φˆk,
∂
∂y
Ψˆk =
(
∂2
∂x2
− ∂
∂x
)
Ψˆk, (43)
∂
∂t
Φˆk =
(
∂3
∂x3
− 3
2
∂2
∂x2
+ 3
4
∂
∂x
)
Φˆk,
∂
∂t
Ψˆk =
(
∂3
∂x3
− 3
2
∂2
∂x2
+ 3
4
∂
∂x
)
Ψˆk. (44)
By the dependant variable transformation φ = ln(fn+1/fn), gn+1 = ψfn+1, hn = ξfn, we can
derive the following nonlinear coupled system for (36)–(41):
−4φtx + φxxxx + 6φxφxx − 6φxxφ2x + 6φxxφy + 3φyy + 6ψxxξ − 6ψξxx + 12ψxφxξ
+ 12ψξxφx + 12ψξφxx + 6ψxξ + 6ψξx + 6ψyξ + 6ψξy = 0, (45)(
12ψξφx + 6φxφy − 6φx − 9φy + 9φ2x − 2φ3x − 4φt + φxxx − 6φxy − 6φxx − 6ψxξ
− 6ψξx − 6ψξ
)
ψ − (3ψx + 6ψy + 4ψt + 6ψxφx + 6ψxφy + 6ψxy
+ 6ψxx + 2ψxxx + 6ψxφxx − 6ψxφ2x
)
− 3ψ
x∫
(φyy + φxy − 2φxφxy + 2ψyξ + 2ψξy)dx = 0, (46)
(
12ξφxψ + 6φxφy − 6φx − 9φy + 9φ2x − 2φ3x − 4φt + φxxx + 6φxy + 6φxx + 6ψxξ
+ 6ψξx − 6ψξ
)
ξ + (3ξx + 6ξy + 4ξt + 6ξxφx + 6ξxφy
− 6ξxx − 6ξxy + 2ξxxx − 6ξxφxx − 6ξxφ2x
)
− 3ξ
x∫
(φyy + φxy − 2φxφxy + 2ψyξ + 2ψξy)dx = 0. (47)
Therefore we can see that when ψ = ξ = 0, the coupled system of the (2 + 1)-dimensional
Gardner equation can be reduced to the Gardner equation (4).
5. Solutions of the coupled Gardner equation
In this section, we will derive the solutions of the coupled Gardner equations (36)–(41). It
is known that in the case of the KP equation, two kinds of pfaffian solutions of the Backlund
Transformation (BT) formulae of the KP equation can be obtained [15]: pfaffians of the Wronski
type and pfaffians of the Gramm type. Similar to the KP equation, the solutions to the coupled
Gardner equation may be expressed by two kinds of pfaffians.
The two cases are investigated below.
(a) Wronskian expression.
Let us review the Wronski-type pfaffian solutions to Eqs. (36)–(41). The solutions are given
by
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gn = (0,1, . . . ,2N − 3),
hn = (0,1, . . . ,2N + 1), (48)
where elements (i, j) of the above pfaffians satisfy the dispersion relation (32). There are two
choices for fn+1, gn+1 and hn+1 according to (48):
(i) fn+1 = (1,2, . . . ,2N),
gn+1 = (1,2, . . . ,2N − 2),
hn+1 = (1,2, . . . ,2N + 2), (49)
(ii) fn+1 = (−1,0,1,2, . . . ,2N − 1,2N),
gn+1 = (−1,0,1, . . . ,2N − 3,2N − 2),
hn+1 = (−1,0,1, . . . ,2N + 1,2N + 2). (50)
The process to prove that (48), (49) and (48), (50) satisfy Eqs. (36)–(41) is similar to the pfaffi-
anization approach in Section 3 and is omitted. Instead we focus on the Gramm-type solutions.
(b) Grammian expression.
The Gramm-type pfaffian solutions to (36)–(41) are given by the pfaffian functions
fn = (0,1,2, . . . ,2N − 1,2N),
gn = (c1, c0, ,0,1, . . . ,2N − 1),
hn = (d0, d1,0,1, . . . ,2N − 1), (51)
where the entries of pfaffians are defined by
(i, j) = di,j + (−1)n
x∫ (
Φ
(n)
i Ψ
(−n)
j − Φ(n)j Ψ (−n)i
)
dx,
(ck, j) = ∂
k
∂xk
Ψ
(−n)
j = Ψ (−n+k)j , (dk, j) =
∂k
∂xk
Φ
(n)
j = Φ(n+k)j ,
(ck, dl) = (ck, cl) = (dk, dl) = 0, di,j = −dj,i = const, (52)
and Φ(n)j , Ψ
(n)
j satisfy
∂
∂y
Φ
(n)
j = Φ(n+2)j − Φ(n+1)j ,
∂
∂y
Ψ
(−n)
j = −Ψ (n+2)j − Ψ (−n+1)j ,
∂
∂t
Φ
(n)
j = Φ(n+3)j −
3
2
Φ
(n+2)
j +
3
4
Φ
(n+1)
j ,
∂
∂t
Ψ
(−n)
j = Φ(−n+3)j +
3
2
Φ
(−n+2)
j +
3
4
Φ
(−n+1)
j . (53)
There are two kinds of pfaffian expressions for fn+1, gn+1, and hn+1 corresponding to (51):
(i) fn+1 = fn − (c−1, d0,0,1, . . . ,2N − 1),
gn+1 = (c0, c−1,0,1, . . . ,2N − 1),
hn+1 = −(d0, d−1,0,1, . . . ,2N − 1), (54)
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gn+1 = (c0,0,1, . . . ,2N − 1,2N),
hn+1 = −(d0, d1, d2,0,1, . . . ,2N − 1,2N). (55)
In what follows, we will verify that (51), (54), (51), (55) satisfy Eqs. (36)–(41), respectively.
Since the deduction procedure for each equation is essentially the same, we give the full details
for Eq. (36) only.
(i) In this case, we first calculate the derivatives for fn, gn, hn and fn+1, gn+1, hn+1. By
using (53), we obtain
fn = (•), ∂
2
∂x2
fn = (c1, d0,•) + (c0, d1,•),
∂
∂x
fn = (c0, d0,•), ∂
∂y
fn = −(c1, d0,•) + (c0, d1,•) − (c0, d0,•), (56)
fn+1 = fn − (c−1, d0,•),
∂
∂y
fn+1 = (c0, d1,•) + (c−1, d1,•) − (c−1, d2,•) − (c−1, d0, c0, d1,•),
∂
∂x
fn+1 = −(c−1, d1,•),
∂2
∂x2
fn+1 = −(c0, d1,•) − (c−1, d2,•) − (c−1, d1, c0, d0,•), (57)
where we have denoted (0,1, . . . ,2N − 1) by (•) for simplicity. Substituting the above expres-
sions into the left-hand side of Eq. (36), i.e.,
fn+1(∂y + ∂xx + ∂x)fn + fn(∂xx − ∂y − ∂x)fn+1 − 2(∂xfn)(∂xfn+1) − 2gn+1hn = 0,
(58)
we obtain
2
[
(c0, d0,•)(c−1, d1,•) − (c−1, d0,•)(c0, d1,•)
− (•)(c−1, d1, c0, d0,•) − (c0, c−1,•)(d0, d1,•)
]
. (59)
Using (2), the above expression is equal to 0. Therefore we have proved that fn, gn, hn and
fn+1, gn+1, hn+1 satisfy Eq. (36). Following the same procedure, we can show that fn, gn, hn
and fn+1, gn+1, hn+1 satisfy Eqs. (37)–(41) in this case.
(ii) In this case, we may rewrite fn+1, gn+1, hn+1 as
fn+1 = (d0,0,1, . . . ,2N − 1,2N) ≡ (d0,2N,•),
gn+1 = (c0,0,1, . . . ,2N − 1,2N) ≡ (c0,2N,•),
hn+1 = −(d0, d1, d2,0,1, . . . ,2N − 1,2N) ≡ (d0, d1, d2,2N,•). (60)
Their derivatives are
fn+1 = (d0,2N,•), ∂
∂y
fn+1 = (d2,2N,•) − (d1,2N,•) + (c0, d1, d0,•),
∂
∂x
fn+1 = (d1,2N,•), ∂
2
∂x2
fn+1 = (d2,2N,•) + (c0, d0, d1,2N,•).
(61)
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2
[
(c0, d1,•)(d0,2N,•) + (•)(c0, d0, d1,2N,•)
− (c0, d0,•)(d1,2N,•) − (c0,2N,•)(d0, d1,•)
]
. (62)
Using (2), this expression is identically 0. Therefore we have proved that fn, gn, hn and fn+1,
gn+1, hn+1 satisfy Eq. (36). Following the same procedure, we can show that fn, gn, hn and
fn+1, gn+1, hn+1 satisfy Eqs. (37)–(41).
6. Conclusion
In this paper, we have presented both Casorati and Grammian solutions to the bilinear Gard-
ner equation (5)–(6). Then we have successfully applied Hirota–Ohta’s pfaffianization procedure
to the bilinear equation (5)–(6) to generate a coupled system. Similar to the coupled KP equa-
tion [15], it has been shown that the coupled system also possesses solutions expressed in the
form of Gramm-type pfaffians.
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